Introduction
All spaces considered here are regular, unless a weaker separation axiom is indicated specifically.
We recall some definitions. A space X is Menger [18] (resp., weakly Menger [6] ) if for every sequence {U : ∈ ω} of open covers of X , there are finite subfamilies V ⊂ U , ∈ ω, such that { V : ∈ ω} = X , resp., V : ∈ ω is dense in X . We recall the game G fin (O D o ) played by ONE and TWO: In the -th inning ONE takes an open cover U of X , and then TWO chooses a finite subfamily V ⊂ U . A play U 0 V 0 U V is won by TWO if V : ∈ ω is dense in X . Otherwise ONE wins. Obviously, for a separable space, TWO has a winning strategy in G fin (O D o ). We recall one more game G 1 (O O) in [4] . In the -th inning ONE takes an open cover U of X , and then TWO chooses a member U ∈ U . A play U 0 U 0 U U is won by TWO if {U : ∈ ω} is a cover of X . Otherwise, ONE wins.
In [4] , the authors posed the following questions.
Question 1.1 ([4, Question 16]).
Can there be an uncountable T 2 -space X such that each one-element subset of X is a G δ set, and TWO has a winning strategy in the game G 1 
Question 1.2 ([4, Question 17]).
Can there be an uncountable T 1 -space X which is first countable such that TWO has a winning strategy in the game
Question 1.3 ([4, Question 32]).
Is there a Lindelöf space which is not weakly Menger?
Question 1.4 ([4, Question 33]).
Is there a Menger space for which TWO does not have a winning strategy in
In this paper, we show that all these questions have answers in the affirmative. A space is said to be K σ δ if it is the intersection of countably many σ -compact spaces. A K σ δ -space is Lindelöf. A space X is said to satisfy the countable chain condition (shortly, CCC ) if each pairwise disjoint family of nonempty open subsets of X is countable. The weight (resp., π-weight) of a space X is denoted by (X ) (resp., π (X )). The continuum hypothesis is denoted by CH, and c is the continuum.
Weak covering properties

Lemma 2.3 ([1, Theorem 5 ]).
Under For a space X and a subspace A ⊂ X , we denote by X A the space obtained by isolating all points of X \ A. If X is regular, so is X A .
Theorem 2.5.
There is a Lindelöf space with both a G δ -diagonal and a point-countable base which is not weakly Menger.
Proof. Let For this sequence {U : ∈ ω}, we observe that for any finite subfamilies V ⊂ U , ∈ ω, {V : ∈ ω} does not cover B 0 \ D. Assume that there are finite subfamilies Thus K is countable. Let K ∩ B 1 = { : ∈ ω}, and take some U ∈ U with ∈ U . Then V = V ∪ {U } is a finite subfamily of U and {V : ∈ ω} covers C \ D. This is a contradiction.
Let X = C B 1 . Obviously X is a Lindelöf space with a G δ -diagonal and a point-countable base. We see that the space X is not weakly Menger. For each ∈ ω, let W = {U ∪ D : U ∈ U }. Then W is an open cover of X . By the observation in the preceding paragraph, for any finite subfamilies W ⊂ W , ∈ ω, there is a point ∈ (B 0 \D)\ W : ∈ ω .
Since the point is isolated in X , W : ∈ ω is not dense in X . Proof. Since X is a Tychonoff Lindelöf -space, there is a perfect map from X onto a separable metric space M [2] . 
Question 2.8.
Assume that X is a Lindelöf space and X × 2 ω (ω + 1) is consistently paracompact. Then is X Menger (or, weakly Menger)?
We answer the final question in the introduction.
Theorem 2.9.
Under CH, there is a Menger space for which TWO does not have a winning strategy in
Proof. Let 
Since it is a finite subfamily of −1
(U ), we can take a finite subfamily V ⊂ U such that σ −1
(V ). Take some W ∈ U with ∈ W , and we define
Since every point in X \ A is isolated, σ is a winning strategy in G fin (O O) for L. This is a contradiction. [19] if for every sequence {U : ∈ ω} of open families of X such that each U is dense in X , there are members U ∈ U , ∈ ω, such that {U : ∈ ω} is dense in X . A space X is weakly Rothberger [6] if for every sequence {U : ∈ ω} of open covers of X , there are members U ∈ U ( ∈ ω) such that {U : ∈ ω} is dense in X . Obviously every separable space is weakly Rothberger, and every weakly Rothberger space is weakly Menger. It is not difficult to see that S 1 (D o D o ) implies the weak Rothberger property and CCC. Therefore a Souslin line is weakly Rothberger. The property S 1 (D o D o ) is studied furthermore in Aurichi [3] under the name selective CCC. Also in [5] , the readers can see an extensive summary on selection principles concerning dense subspaces.
A hereditarily Lindelöf space with a special base
The purpose of this section is to investigate, in view of a special base, why a Souslin line satisfies
A base B for a space X is said to be an ortho-base [14] if for any B ⊂ B, B is open in X , or B is a neighborhood base at some point in X . A base B for a space X is said to be non-archimedean [14] if for any
holds. Each member of a non-archimedean base is open-and-closed. A non-archimedean base is an ortho-base. A space with a non-archimedean base is also called non-archimedean. For convenience of the readers, we display some results: see [14] .
(N1) A space is non-archimedean if and only if it is an ultraparacompact space with an ortho-base.
(N2) A CCC non-archimedean space is hereditarily Lindelöf.
(N3) A non-archimedean space has a base which is a tree by reverse inclusion.
(N4) Every separable non-archimedean space is metrizable.
Lemma 3.1.
If X is a hereditarily Lindelöf space with an ortho-base, then it is weakly Rothberger.
Proof. Let B be an ortho-base for X , and let U be an open cover of X for each ∈ ω. Without loss of generality, we may assume that each U is a countable cover of X consisting of members of B. We put U = {U : ∈ ω} ⊂ B.
Since X is hereditarily Lindelöf, there is a countable set { : ∈ ω} ⊂ Φ such that Y = ∈ω U ( ) : ∈ ω . Note that {U 2 (2 ) : ∈ ω} covers Y . We observe that X \ Y is second countable. Fix a point ∈ X \ Y , then there is ∈ ω ω \ Φ with ∈ ∈ω U ( ) . Since B is an ortho-base, {U ( ) : ∈ ω} is a neighborhood base at . Hence
∈ ω} is a countable base for X \ Y . Let { : ∈ ω} be a dense subset in X \ Y , and for each ∈ ω take some U
+1
∈ U 2 +1 containing . Then the family {U A continuous onto map : X → Y is said to be irreducible if (A) = Y for each proper closed subset A ⊂ X . We can easily check the two lemmas below, we omit the proofs.
Lemma 3.2.
Let : X → Y be an irreducible closed map. Then the following hold.
(a) If Y has CCC, then so does X .
Lemma 3.3 ([3]).
Let 
Proof.
We have only to show that X satisfies S
, because every subspace of X also has an ortho-base. By [9, Theorem 6] , X is the irreducible closed image of some non-archimedean space Y . By Lemma 3.2 (a) and (N2) above, Y is hereditarily Lindelöf. Therefore, by Lemma 3.2 (b), we may assume that X is non-archimedean. For each ∈ ω, let G be an open family in X such that G is dense in X . Let G = G : ∈ ω . Since G is hereditarily Lindelöf and non-archimedean, by Lemma 3.1 it is weakly Rothberger. For each ∈ ω, we can take a member G 2 ∈ G 2 such that G ⊂ ∈ω G 2 . Assume X \ G = ∅. By the observation in the preceding paragraph, X \ G is second countable. Let {C : ∈ ω} be a base for X \ G. For each ∈ ω, take a G 2 +1 ∈ G 2 +1 such that G 2 +1 ∩ C = ∅. 
